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Abstract
We present a detailed study of the reduction to 4D of 5D supergravity compactified on the
S1/Z2 orbifold. For this purpose we develop and employ a recently proposed N = 1 conformal
superfield description of the 5D supergravity couplings to abelian vector and hypermultiplets.
In particular, we obtain a unique relation of the ”radion” to chiral superfields as in global 5D
SUSY and we can embed the universal hypermultiplet into this formalism. In our approach, it
is transparent how the superconformal structure of the effective 4D actions is inherited from the
one of the original 5D supergravity. We consider both ungauged and gauged 5D supergravities.
This includes compactifications in unwarped geometries, generalizations of the supersymmetric
Randall-Sundrum (RS) model as well as 5D heterotic M-theory. In the unwarped case, after
obtaining the effective Ka¨hler potentials and superpotentials, we demonstrate that the tree-
level 4D potentials have flat and/or tachyonic directions. One-loop corrections to the Ka¨hler
potential and gaugino condensation are presented as suitable tools for moduli stabilization
to be discussed in subsequent work. Turning to the RS-like models, we obtain a master
formula for the Ka¨hler potential for an arbitrary number of vector and hyper moduli, which
we evaluate exactly for special cases. Finally, we formulate the superfield description of 5D
heterotic M-theory and obtain its effective 4D description for the universal (h(1,1) = 1) case,
in the presence of an arbitrary number of bulk 5-branes. We present, as a check of our
expressions, time-dependent solutions of 4D heterotic M-theory, which uplift to 5D solutions
generalizing the ones recently found in hep-th/0502077.
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1 Introduction
The last decade has seen a great deal of interest in extra-dimensional set-ups with supersymmetry.
Their study is not only justified by the fact that superstring/M-theory is consistent in more than
4D, but it is also backed by the fact that certain theoretical puzzles have a natural explanation
within extra-dimensional constructions. This is specially true for braneworld models (for string
constructions see for example [1]), which have their own merits in explaning several issues. A list1
must include new aspects of supersymmetry breaking mediation [2,3], of the hierarchy problem [4,5],
of Grand Unification [7]; the AdS/CFT correspondence [6] should also be mentioned. Last but not
least dynamical questions related to inflation [8], the cosmological constant or quintessence gain a
different face, as the effects of moving branes in cosmology [9] have to be studied. 5D constructions
are a good laboratory for studying various effects of higher dimensions.
Even if our final focus is towards model building, e.g. for inflation [10], 5D supersymmetry has
to be embedded in 5D supergravity in order to have a firm basis. In our line of research [11, 12]
1An appropriate list of references would be enormous and is not intended here.
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we have developed a formalism with 4D superfields. This approach was obtained by studying the
off-shell component 5D supergravity of refs. [13–15] (for other pioneering work in this direction see
also [16–18]), and their reduction of the multiplets of 5D conformal supergravity to 4D multiplets
of the N = 1 conformal supergravity surviving at the boundaries of the S1/Z2 orbifold [19]. For the
purposes of the present work, it is necessary to use an equivalent but slightly modified version of
the formulation of [11]. This is obtained by integrating out a multiplier real superfield Wy - called
real radion superfield in [11] - to get a superspace action where the radion field e5y is now contained
only in chiral superfields. In this way we clarify the meaning of the superfield Wy and make clear
that a trully dynamical radion field is already included in the formulation of [11].
However, 5D supersymmetry or supergravity models are more than just well-meant string theory
inspired models displaying nice phenomenological features. In fact, heterotic M-theory compact-
ified on a Calabi-Yau 3-fold has a well defined low-energy description in terms of a 5D gauged
supergravity on the S1/Z2 orbifold [20, 21]. Also, it is expected [22] that the physics of (strongly)
warped throats obtained by compactifying the type IIB string on certain CY 3-folds with fluxes be
described by a gauged 5D supergravity with a non-trivial scalar manifold [23], at low energies.
Generally such theories with extended SUGRA contain numerous moduli, parametrizing the
volume, shape and other properties of the compactification manifold. The formulation of a dy-
namical stabilization mechanism leading to a stable ground state is of utmost importance - in the
simplest case in 5D the stabilization of the radion mentioned above, but more general also its
interplay with other moduli (e.g. in gauge inflation [10]).
Going to lower energies, below a certain ”compactification” scale Mc one enters the reign of
4D physics. In this work, we are interested in the case that below Mc physics can be described
by an effective 4D N = 1 supergravity theory. Knowing this theory, in priciple one should be
able to understand supersymmetry breaking and its transmission to the visible sector, and to
calculate all relevant couplings to compare with experiments. Eventually, also inflationary (and
post-inflationary) cosmology can be studied within the effective 4D theory. It is therefore imperative
to have a clear understanding of the connection between the 5D supergravity theory and its 4D
daughter supergravity theory.
Building on our recent work [11] on a conformal superfield description of 5D supergravity
theories, in this paper we study mostly the dimensional reduction of these theories, obtaining in
this way the corresponding effective 4D superconformal supergravities. An obvious advantage of
this approach, is that since we use the same N = 1 superfield language both in 5D and in 4D, the
connection between the 5D action and its 4D counterpart becomes transparent. This is true, in
particular, for the way the 4D superconformal structure emerges from its higher-dimensional origin.
Even if not exhaustive, our investigation is rather general, comprising generic abelian vector
and hyper scalar manifolds as well as different types of R-symmetry gaugings. It encompasses,
therefore, both unwarped and warped geometries, which we will study in different sections. The
particularly interesting case of a warped geometry, provided by 5D heterotic M-theory, will deserve
a separate investigation in section 5.
The basic priciple behind the concept of dimensional reduction of a 5D (or higher-dimensional)
theory is the assumption that at sufficiently low energies the theory is well described by the inter-
actions of a reduced (finite) set of 4D fields. Our task consists of of indentifying these fields and
their interactions. In the case at hand, 5D supergravity, we have to identify low-energy superfields,
in particular the holomorphic moduli (chiral superfields) and, of course, the supersymmetry of the
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interactions must be ensured. Usually, the main difficulty lies in going beyond the static approxi-
mation, where the 4D action is obtained by solving the 5D equations of motion in the background
of constant 4D moduli, and inserting the solutions into the 5D Lagrangian which is then integrated
over the compact S1/Z2 orbifold. Promoting the static moduli to ”slowly” varying functions of the
4D coordinates generally leads to non-vanishing VEVs of certain heavy fields Cµ ∼ f∂µφ. This is
especially true for warped geometries, as in this case f can depend on the warped wave-functions
of the zero-modes, and the VEVs cannot be simply gauged away. The way these tadpoles back-
react into the low-energy physics, leading to new two-derivative order terms, is e.g. explained in
an enlightening discussion in [24] (see also [25]). This is an important technical problem in any
compactification with substantial warping (see [26] for a recent discussion in the context of the type
IIB warped compactifications of [27]).
We will see in this paper how the task of reducing 5D supergravity models on the S1/Z2 orbifold
can be immensely simplified by employing the N = 1 conformal superfield formulation of the 5D
supergravity couplings to (abelian) vector and hypermultiplets of [11]. In fact, the low-energy
supermultiplets, in particular the holomorphic moduli chiral superfields, can be easily identified, in
virtue of starting already in 5D with N = 1 superfields. In addition, as we argue in section 4, the
”tadpole-problem” discussed above can be bypassed by noting that, at the level of a two derivative
truncation, the Ka¨hler potential can be determined using just the static approximation. In very
special cases, namely for the supersymmetric Randall-Sundrum model and the universal case of
heterotic M-theory, it turns out that we do not even need an explicit knowledge of the moduli
wave-functions to obtain the corresponding effective Ka¨hler potentials in an exact manner.
In this way, we are e.g. able to determine the Ka¨hler potential of heterotic M-theory in the
universal case with an arbitrary number of bulk 5-branes, which has the following suggestive form
K = −3 ln
(∑
i
βi
(
Si + Si+
) 4
3
)
,
where V i = Re(Si) is the volume of the Calabi-Yau 3-fold measured at the i-th brane (including
the boundary branes). We use this result to obtain new time-dependent solutions of 4D heterotic
M-theory. They uplift to 5D solutions generalizing the ones recently found in [28].
While it is possible to obtain exact expressions for the Ka¨hler and superpotential for 5D orbifold
SUGRA with an arbitrary number of vector and hypermultiplets in case there is no warping, in the
warped case this is only possible in a handfull of cases. In this paper we give general formulae for
the Ka¨hler potential in warped compactifications. We think these will be usefull as a starting point
for future approximate approaches to this problem. This is particulary important if one wants to
obtain explicitely the Ka¨hler potential for more general compactifications of 11D heterotic M-theory,
beyond the linear approximation of [29].
The paper is organized as follows: In section 2 we review, improve and extend our superfield
description of 5D supergravity coupled to vector and hypermultiplets. It is also explained with a
specific example how to take the rigid limit within this formalism. We then move on to perform the
dimensional reduction of 5D supergravity on the S1/Z2 orbifold for geometries without warping
in section 3. In addition to tree-level Ka¨hler potentials and superpotentials, we obtain 1-loop
corrections to the Ka¨hler potential and discuss gaugino condensation. Section 4 is devoted to
the dimensional reduction of 5D supergravities with warped geometries of RS type. Finally, in
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section 5 we present a superfield formulation of 5D heterotic M-theory and derive its reduction to
4D in the universal case with arbitrary number of bulk 5-branes. This enables us to obtain new
time-dependent solutions of 4D heterotic M-theory and their uplift to the 5D theory. Appendix A
contains a proof of the generic flatness or instability of tree-level 5D supergravity without warping.
2 5D orbifold (conformal) supergravity
For the applications that we have in mind in this paper it is necessary to recall 5D (N = 2) SUGRA
in its description in terms of 4D N = 1 superfields, as it was given in [11]. But we will also go
beyond that work to obtain new expressions, which despite being equivalent to [11] turn out to be
better suited for the dimensional reduction to 4D that we will perform in section 3. Also new is the
inclusion of the universal hypermultiplet in this formalism. This will allow us to give a superfield
formulation of 5D heterotic M-theory and of the corresponding 4D effective theory in section 5.
We close this section with a derivation (and improvement) of well-known superspace actions for 5D
SYM theories coupled to charged hypermultiplets and the radion multiplet, obtained by performing
the rigid limit of 5D orbifold supergravity.
2.1 Our framework
We start this section by recalling the couplings of abelian vector multiplets and hypermultiplets in
5D (conformal) supergravity in the superfield description introduced in [11]. We will consider first
the case with no physical hypermultiplets, i.e. in addition to the vector multiplets we take only
one2 compensator hypermultiplet, which - as usual in the superconformal formalism - will be used
to fix the conformal symmetries. This will be explained in some detail below. We also assume that
there are no gauged R-symmetries, leaving the more general situation to subsequent sections.
The vector part of the Lagrangian reads,
LV =1
4
∫
d2θ
(
−NIJ(Σ)WαIWJα +
1
12
NIJKD¯2(V IDα∂yV J −DαV I∂yV J)WKα
)
+ h.c.−
∫
d4θWyN (V5),
(2.1)
while for the compensator hypermultiplet we have
Lcomp = −2
∫
d4θWy (h
+h+ hc+hc)− 2
(∫
d2θ hc∂yh + h.c.
)
. (2.2)
These as well as all other superspace integrals in this paper should be understood as F and D-
densities of 4D (conformal) SUGRA in the sense of refs. [30–35].
A few words are due to explain the meaning of these expressions. Let us first remember that the
indices I, J , etc..., run over the different abelian3 vector multiplets VI of off-shell 5D supergravity. It
is important to note that as the graviphoton is entailed in (a combination of) the vector multiplets,
2We will have to consider two compensator hypermultiplets (in addition to one physical hypermultiplet) to obtain
the universal multiplet (see sec.2.2).
3This formalism can be easily extended to include also non-abelian vector multiplets.
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their number is allways greater than one. The VI decompose in vector superfields V I , and chiral
superfields ΣI of N = 1 (conformal) supersymmetry: VI = (V I ,ΣI). (For the detailed constitution
of each superfield see [11].) The other two basic building blocks of the above Lagrangians are the
chiral superfields h and hc which together form the 5D compensator hypermultiplet h = (h, hc), and
the real radion superfield Wy. The reason we call Wy a radion superfield is that its first component
is e5y:
Wy = e
−σe5y + θ 2κ5e
−σ
2ψ1y + θ¯ 2κ5e
−σ
2 ψ¯1y + · · · (2.3)
Here, e2σ accounts for a possible warping4,
ds25 = e
2σ gµνdx
µdxν + (e5y)
2 dy2, (2.4)
ψ1y and ψ¯
1
y are obtained from the 5D gravitino and the dots stand for a number of gravitational
auxiliary fields, see [11]. κ25 = M
−3
5 is the five-dimensional gravitational coupling. It is important
to stress e5y enters the Lagrangian not only through Wy but also through the chiral superfields Σ
I .
In fact we have
ΣI =
1
2
(e5yM
I + iAIy) + · · · , (2.5)
where M I is the scalar component of the 5D vector multiplet, AIy the y-component of the gauge
boson. After conformal fixing in the sense of ref. [15], a cubic combination of theM I (I = 0, . . . , nV )
will be fixed.
The remaining superfields in the above Lagrangians are composite ones: WαI is the usual chiral
superfield strength obtained from the vector superfield V I , while
VI5 =
ΣI + ΣI+ − ∂yV I
Wy
. (2.6)
The strength and form of the couplings are set by the so-called norm function N . This is a
homogeneous gauge invariant cubic function of its arguments
N (φ) = κ5 cIJKφIφJφK , (2.7)
where φI can have different meanings: φI = M I ,ΣI ,VI5 . We will see below that it is intimatelly
related to the prepotential of global N = 2 supersymmetry, which is the reason sometimes it is
called prepotential. As we pointed out above, after conformal fixing, the vector scalars M I will be
constrained. This constraint is given by
N (M) = κ−25 , (2.8)
which defines a very special manifold (an nV -dimensional hypersurface in the space parameterized
by the scalarsM I). We will comment on this issue again below. We use the notationNI = ∂IN (M)
4Note that the superfields used in this paper are written in terms of the component fields of 5D SUGRA in such
a way that no explicit warp-factors appear in (2.1) and (2.2). It turns out that, as one can see in (2.3), each field
comes with a power exp(w σ) of the warp-factor, where w is the Weyl-weight of the corresponding field. In fact,
(2.1) and (2.2) were first obtained for unwarped geometries. To use these Lagrangians also for warped geometries
requires using a Weyl transformation to bring the warped metric into a flat form, as explained in detail in appendix
D in ref. [11]. The superfields in this section thus are the primed ones of that appendix.
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etc., to denote the derivatives of the norm function. As pointed out in [11] the combination
Σrad = (NI/3κ5N )ΣI approaches the usual radion chiral superfield in the rigid susy limit, but this
is not a central issue in our approach, we just deal with the superfields in the Lagrangian above.
The above Lagrangians, as they stand, proved to be quite usefull for studying various issues in
5D, see [10–12, 36, 37]. As we will now explain - and this is a new point - there is an equivalent
form of these Lagrangians which for certain purposes (e.g. to obtain the 4D effective actions) turns
out to be more usefull than (2.1) and (2.2). It is obtained by integrating out the real superfield
Wy. In fact, a variation of the action with respect to this superfield implies the following superfield
identity5:
Wy =
( N (Vy)
h+h + hc+hc
) 1
3
, (2.9)
where we introduced V Iy ≡ ΣI+ΣI+−∂yV I = WyVI5 . Inserting this back in the D-term Lagrangians
we get:
LD = −3
∫
d4θN (Vy) 13
[
h+h+ hc+hc
] 2
3 . (2.10)
This can easily be extended to include also physical hypermultiplets H = (H,Hc),
LD = −3
∫
d4θN (Vy) 13
[
h+h+ hc+hc −H+e−gIV IH −Hc+egIV IHc
] 2
3
, (2.11)
where we assumed the hypermultiplet to be charged under some combination of the abelian gauge
symmetries. The main advantage of this new form of the Lagrangian is that now all the information
on the radion is stored in the chiral superfields ΣI . In this way in the following sections we will -
in principle - be able to obtain the low energy 4D effective Ka¨hler potentials from general 5D field
contents.
Before we end this section, let us for completeness explain how one fixes the superconformal
symmetries to obtain the 5D (Poincare´) supergravity theory. Let us however note that in the rest of
the paper we will perform the reduction of the theory to 4D prior to superconformal gauge fixing.
The following lines are therefore usefull if one wants to stick to 5D. As already pointed out, the
fixing of the superconformal symmetries is achieved by prescribing certain VEVs to the fields in the
hypermultiplet [15]. To understand how to do this we first recall that (as we already mentioned)
all the superspace integrals in this paper should be understood [34] as F- and D-densities of 4D
conformal supergravity. In particular, for a real superfield Q = φQ + · · ·+ θ2θ¯2DQ we have∫
d4θ Q→ (Q)D =
∫
d4θ Q+
1
3
φQR
(4) + · · · , (2.12)
where R(4) is the Ricci scalar build from the 4D metric gµν(x) in (2.4). Taking Q as the integrand
superfield in eq.(2.11), we see that, to ensure that we are in the 5D Einstein-frame, one should set6
N (M) 13 [|φh|2 + |φch|2 − |φH |2 − |φcH |2] 23 = κ−25 e2σ, (2.13)
5Note that this identity is true also if we take the couplings to the supergravity multiplet into account, i.e.
there are no tree-level modifications due to supergravity. However, this relation is modified once we include 1-loop
corrections, as we will see in section 3.2.
6The 5D Ricci scalar is related to 4D by R(5) = e−2σR(4)+· · · , where the dots stand for terms involving derivatives
of the warp-factor. These additional terms emerge naturally from our superspace Lagrangians, see [11, 12].
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where φh, φH etc., are the scalar components of the chiral superfields h and H , respectively. The
prescription of [15] used in [11] is to take
h = κ−15
[
e3σ + κ25(|φH |2 + |φcH |2)
] 1
2 + θ2 Fh, h
c = θ2 F ch , (2.14)
along with the constraint of eq.(2.8). It is important here to emphasize the difference between
eqs.(2.14) and (2.8): From the point of view of the superspace formalism, eq.(2.14) is truly a
superconformal fixing, while (2.8) is just a definition. Namely, denoting by 1
2
σI the real part
of the scalar component of ΣI (i.e. ΣI = 1
2
σI + · · · ), then we can define (e5y)3 ≡ κ25N (σ) =
κ35 cIJKσ
IσJσK and the constraint (2.8) follows from this definition. The superfields ΣI , however,
remain unconstrained. In fact, the splitting of the σI in e5y and M
I is necessary just to make the
connection with the conventional formulations of 5D supergravity in component form [15], where
it plays a fundamental roˆle.
2.2 The universal hypermultiplet
The so-called universal hypermultiplet is an important ingredient of string and M-theory com-
pactifications to 5D supergravity. In particular, in the compactification of 11D supergravity on a
Calabi-Yau 3-fold, one of its scalar components describes the volume of this manifold. In contrast
to the ”hypers” of eq.(2.11) which parametrise the coset USp(2,2)/USp(2)×USp(2), the universal
hyperscalar spans an SU(2,1)/U(2) manifold. It was pointed out in ref. [15] that to obtain such a
hyperscalar manifold one has to introduce a second compensator hypermultiplet. We will denote
the two compensators by hi = (hi, h
c
i) ∼ (+,−), i = 1, 2. In addition, to fix the additional unphys-
ical degrees of freedom one introduces a multiplier vector multiplet VT = (VT ,ΣT ) ∼ (+,−), which
does not participate in the norm function N (M). All hypermultiplets will be charged under the
VT with charges q(H) = q(h1) = −q(h2), and the corresponding D-term Lagrangian will read
LD =− 3
∫
d4θN (Vy) 13
[
h+1 e
−VTh1 + h
c+
1 e
VThc1 + h
+
2 e
VTh2
+hc+2 e
−VThc2 −H+e−VTH −Hc+eVTHc
] 2
3 ,
(2.15)
while the F-term Lagrangian is given as
LF = −2
∫
d2θ {hc1∂yh1 + hc2∂yh2 −Hc∂yH − ΣT (hc1h1 − hc2h2 −HcH)}+ h.c. (2.16)
As we already said, VT and ΣT are not dynamical, they only couple to the hypers, and it is thus
possible to integrate them out exactly. Their superfield equations of motion imply
e2VT =
h+1 h1 −H+H + hc+2 hc2
hc+1 h
c
1 −Hc+Hc + h+2 h2
, (2.17)
and
hc1h1 − hc2h2 −HcH = 0. (2.18)
Before we insert this back in the Lagrangians let us redefine the chiral superfields in the hyper
sector with
h = (2h1h2)
1
2 , hc =
hc2
h1
, (2.19)
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for the compensators, and
Φ =
H
h1
, Φc =
Hc
h2
, (2.20)
for the physical superfields. Due to the above mentioned constraints the Lagrangians can be
rewriten in terms of this reduced set of superfields. In fact, we have now
LD = −3
∫
d4θN (Vy) 13 (h+h) 23
{(
1− |Φ|2 + |hc|2) (1− |Φc|2 + |hc + ΦΦc|2)} 13 , (2.21)
and
LF = −2
∫
d2θ
(
hhc∂yh− h
2
2
Φc∂yΦ
)
+ h.c. (2.22)
Note that for notational simplicity we used H+H → |H|2 and similar for other superfields. Finally,
to obtain the component Lagrangian in terms of the ”traditional” complex scalars S and ξ, we
must use the following non-holomorphic variable redefinitions [15]
(Φ)θ=0 =
1− S
1 + S
, (Φc)θ=0 =
ξ(1 + S)
S + S+
, (2.23)
supplemented by the conformal gauge fixing conditions (similar to (2.14))
(h)θ=0 = κ
−1
5
{(
1− |Φ|2) (1− |Φc|2 + |ΦΦc|2)}− 14 , (hc)θ=0 = 0. (2.24)
2.3 The rigid limit in 5D
We will see now how well-known results regarding the superfield description of 5D super Yang-Mills
theories [38–41] as well as their coupling to the radion superfield [39] can be obtained in the rigid
limit of 5D supergravity with a particular choice of the norm function and of the orbifold parities
of the involved superfields. To take the rigid limit of 5D supergravity we choose a supersymmetric
”vacuum” and then perform an expansion of the Lagrangian in powers of κ5 = M
−3/2
5 . To be
precise, consider κ−15 N (M) = (M0)3−M0δijM iM j + γijkM iM jMk, i, j, k 6= 0, and take the parity
prescriptions T ≡ 2κ5Σ0 ∼ + and Σi ∼ −. This implies that γijk = ǫ(y)cijk is an odd coupling.
In addition we include one charged hypermultiplet as in eq.(2.11) with g0 = 0 and gi 6= 0. These
models generally have several supersymmetric vacua with H = Hc = 0, which must satisfy (see
e.g. [12])
∂yNI(M) = 0, with I = 0, i, (2.25)
under the constraint N (M) = κ−25 . We will expand here around the M i = 0 vacuum, i.e. we
assume that M i ≪ M0 which in turn implies T + T+ ≫ 2κ5(Σi + Σi+). For the term N (Vy) 13 in
eq.(2.11) this means
(κ−15 N (Vy))
1
3 =
T + T+
2κ5
− 2κ5
3
δij
V iy V
j
y
T + T+
+
4κ25ǫ
3
cijk
V iy V
j
y V
k
y
(T + T+)2
+ · · · , (2.26)
where, we recall, V iy = Σ
i +Σi+− ∂yV i is a gauge invariant superfield [40]. In addition, since there
is no R-symmetry gauging (g0 = 0) and therefore also no warping, we can set the compensator
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superfields to h = κ−15 and h
c = 0, and expand the hypermultiplet part of (2.11) in powers of H+H
and Hc+Hc, obtaining in this way
[
κ−25 −H+e−giV
i
H −Hc+egiV iHc
] 2
3
= κ
− 4
3
5 −
2κ
2
3
5
3
(
H+e−giV
i
H +Hc+egiV
i
Hc
)
+ · · · (2.27)
We can now assemble these pieces to obtain the leading contributions to the D-term Lagrangian
LD ≃
∫
d4θ (T + T+)
[
−3
2
M35 + 2δij
V iy V
j
y
(T + T+)2
− 4ǫ(y)κ5 cijk
V iy V
j
y V
k
y
(T + T+)3
+H+e−giV
i
H +Hc+egiV
i
Hc
]
+ · · ·
(2.28)
Clearly, while we dropped higher order terms which are not given in [38–41], these are fully com-
putable within our formalism. Note that a first derivation of this expression was given in [11], even
though in a less elegant manner. It is not difficult to see that the vector part of the Lagrangian
can be rewritten in terms of a prepotential (see also [42])
F(φ) = 3M35 − δijφiφj + ǫ(y)κ5 cijkφiφjφk, (2.29)
as
LV = −1
4
∫
d2θ
(
TFij (Σ/T )W iWj + 1
12
Fijk(· · · )
)
+h.c.−
∫
d4θ
T + T+
2
F
(
2Vy
T + T+
)
, (2.30)
where Fij = ∂2F∂φi∂φj , etc. The first term in the r.h.s. of eq.(2.29) corresponds to the pure radion
part, first given in [43], the second term to the radion interaction with vector multiplets [39]. The
third is new and describes the Chern-Simons-type interaction, involving also the radion.
3 Reduction to 4D in unwarped geometries: Ka¨hler and
superpotentials
In the rest of this paper we will show how to obtain the effective 4D supergravity description of 5D
orbifold supergravity models within the above formalism. As we will see, the superfield approach
turns out to be well suited for this purpose, specially in the unwarped case.
We first set the notation we will use throughout this and the following sections. The 4D
Lagrangian is determined by three functions of the moduli, namely the Ka¨hler potential, the su-
perpotential and the gauge kinetic function. The Ka¨hler potential K(Φ,Φ+, V ) is defined by
L(4D)D = −3
∫
d4θ e−K/3 φ+φ, (3.1)
where φ is the 4D chiral compensator, while the gauge kinetic function fIJ(Φ) and the superpotential
W (Φ) are defined through
L(4D)F =
1
4
∫
d2θ fIJWαIWJα +
∫
d2θφ3W + h.c. (3.2)
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Since in this section we consider unwarped geometries, the wave-functions of the zero modes
of the various superfields (even under Z2-orbifolding) will be y-independent. In the following we
consider a dimensionless e5y and therefore we have to introduce a fixed length R so that −πR < y <
πR. We emphasize that πR is not dynamical, but for practical reasons we will take it to coincide
with the size of the extra-dimension (after this is stabilized). All odd superfields will be projected
out7. In particular, the odd compensator hc will be set to zero. Denoting by
φ =
√
2πRκ
− 1
3
5 h
2
3 , (3.3)
the 4D compensator and by Σ˜I = κ5Σ
I the 4D vector moduli, we get from (2.10)
L(4D)D = −3
∫
d4θ [N˜ (Σ˜ + Σ˜+)] 13φ+φ, (3.4)
where N˜ is obtained from κ−15 N by setting the odd fields to zero. In the following we will drop the
tilde in Σ˜, hoping that the reader doesn’t get confused by this. In the simplest case with nV = 0
and N = κ5(M0)3 we get
L(4D)D = −3
∫
d4θ (Σ0 + Σ0+)φ+φ, (3.5)
a well known expression [43]. Note that in this case Σ0 is the dynamical (4D) radion superfield.
In this way, in the models discussed above, the effective tree-level Ka¨hler potential is
K(Σ,Σ+) = − ln N˜ (Σ + Σ+), (3.6)
agreeing with known results (see [44] and references therein). It is straightforward to generalize
this Ka¨hler potential to include also physical hypermultiplets. Then the whole (tree level) Ka¨hler
potential is
K = − ln N˜ (Σ + Σ+)− 2 ln
(
1− Φ+e−gIV IΦ + · · ·
)
, (3.7)
where Φ = H/h, and we assumed Hc to be the odd superfield.
Similarly, denoting the 4D field-strength superfield by W4D =
√
2πRW, we obtain also the
following gauge kinetic term
fIJ(Σ) = −NˆIJ(Σ), (3.8)
where NˆIJ(Σ) is obtained from κ−15 N (Σ) by differentiating twice in respect to odd ΣI and then
setting the odd superfields to zero. (Note that in general NˆIJ(Σ) 6= N˜IJ(Σ).)
By gauging certain isometries of the scalar manifold it is also possible to obtain tree-level 4D
superpotentials and 4D Fayet-Iliopoulos terms directly from the 5D theory. These can then lead to
non-vanishing tree-level potentials. We will discuss these issues in the following subsection.
3.1 Tree-level potentials and (in)stabilities
We will now write down the 4D tree-level potentials obtained from the 5D bulk supergravity without
(physical) hypermultiplets upon compactification on the S1/Z2 orbifold. From a 5D point of view
7We assume the VEVs of the odd superfields to vanish. If this is not the case we can redefine the superfield to
ensure that it does so.
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there are essentialy three kinds of models, namely Minkowski (M4), de Sitter (dS) and anti de Sitter
(AdS). Both the dS and AdS cases turn out to be unstable non-supersymmetric compactifications,
obtained by certain R-symmetry gaugings to be precised below. In the no-scale (supersymmetric)
M4 vacua there are no gauged R-symmetries. Depending on whether the gauged U(1)R is broken by
orbifolding or not, the generated potential will be an F-term or a D-term potential. Notice that if
it was not for the orbifolding, due to the (in that case unbroken) SU(2)R symmetry the potentials
would be the same in both cases. The action of the orbifold twist has subtle consequences and
therefore we will study the two cases separately.
3.1.1 Superpotentials and F-term potentials
Let us recall that the full scalar potential of 4D supergravity consists of two parts: an F-term and a
D-term potential. We will work here in the 4D Einstein frame. This is obtained by fixing the lowest
component of the chiral compensator to be φ = MP + · · · . In this frame, the F-term potential is
given in terms of the Ka¨hler potential K and the superpotential W as
VF = M
4
P e
K
(
KIJ¯DIWDJ¯W¯ − 3|W |2
)
, with DI ≡ ∂I +KI , (3.9)
where I runs over both hyper and vector scalars (I = H,Σ). We will discuss D-term potentials
later in section 3.1.2.
Our investigation will focus on the vector moduli Σ. One reason for this is that the hyper moduli
H can be stabilized in a fairly simple way by using tree-level brane superpotentials. In respect to
this, one should remember that the vector moduli are less simple to couple directly to the branes
(see however section 4.2).
In fact, due to the no-scale nature of the Σ, which means that at tree-level
KΣΣ¯KΣKΣ¯ = 3, (3.10)
an H-dependent superpotential W (H), which has to be brane localized, will generate a positive
definite potential for the hyper moduli, since
VF = M
4
P e
KKHH¯DHWDH¯W¯ , (3.11)
while the D-term potential is positive by definition, see (3.24). Supersymmetric vacua with the
hypermultiplets H fixed at suitable values can be obtained by fine-tuning W (H). At the end of
this procedure, the vector moduli remain flat directions which still must be stabilized. The effects
studied in this and later sections, namely Σ-dependent superpotentials, 1-loop corrections to the
Ka¨hler potential and gaugino condensation, might be usefull to achieve this purpose.
For simplicity, let us start with a field content consisting of vector multiplets VI = (V I ,ΣI) ∼
(−,+), where +(−) denote the Z2-orbifold parities of the corresponding superfields, and the com-
pensator hypermultiplet (h, hc) ∼ (+,−). In this case, the relevant bulk interaction is given by
L = −3
∫
d4θN (Vy) 13
[
h+h+ hc+hc + · · · ] 23 − (∫ d2θ (2hc∂yh− gIΣI(h2 − hc2)) + h.c.
)
, (3.12)
where the last 2 couplings on the r.h.s. are due to gauging by the combination gIV
I of an U(1)R
subgroup of the SU(2)R in the σ
1,2 (Pauli matrices) direction. This U(1)R is projected out by the
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action of the orbifold. Clearly, by setting gI = 0 we recover the ungauged case. At this point
it is important to note that by coupling a certain VI=R to a linear multiplet L it is possible to
impose the constraints V R = 0 and gRΣ
R = iω/R (i.e. only lowest component of ΣR is non zero),
where ω is a real quantity which can be viewed as a Scherk-Schwarz parameter [45]. A detailed
explanation of this mechanism is given in [10], where the necessary ingredients for radion mediated
supersymmetry breaking - equivalent to SS breaking - within 5D orbifold SUGRA are given.
The effective 4D couplings are then easily shown to be given by the Ka¨hler potential K =
− ln N˜ (Σ + Σ+) (see eq.(3.6)) and the superpotential W , defined by
W = g¯IΣ
I + iκ4
ω
R
, (3.13)
where the 4D gauge coupling is given by g¯−2 = 2πRg−2. The corresponding potential, obtained
from eq.(3.9) with a few manipulations, is8
VF =M
4
P e
K/M2
P
(
g¯IKIJ¯ g¯J¯ − (g¯I(ΣI + ΣI+))2
)
= −M4P g¯IN˜ IJ¯ g¯J¯ −
M4P
2N˜ (g¯I(Σ
I + ΣI+))2,
(3.14)
where, let us recall, N˜ = cIJK(ΣI + ΣI+)(ΣJ + ΣJ+)(ΣK + ΣK+). Notice that this (tree-level)
potential doesn’t depend on the Scherk-Schwarz parameter ω, even for g¯I 6= 0.
As we stated above, models with g¯I = 0 are of the no-scale type [46–50], and therefore have
a tree-level vanishing potential. On the other hand, turning on the gauge couplings g¯I one can
achieve non-zero potentials. However, in this case one finds instabilities. Before we proceed with
the general analysis it would be instructive to illustrate this with two simple examples where the
above potential can be determined explicitly:
(A) The first one is N˜ = (σ0)3, where σI ≡ 2Re(ΣI), and we get
V(A) = −2
3
M4P g¯
2
0
σ0
. (3.15)
(B) In the second case we take N˜ = (σ0)3 − σ0(σ1)2, obtaining for g¯0 = 0
V(B) =
M4P g¯
2
1
2σ0
[
1
1 + 1
3
ψ2
− ψ
2
1− ψ2
]
≃ M
4
P g¯
2
1
2σ0
(
1− 4
3
ψ2 + · · · ) , (3.16)
where ψ ≡ σ1/σ0 < 1. Another convenient parameterization of the scalar manifold is
σ0 = ρ cosh
2/3 t , σ1 = ρ
sinh t
cosh1/3 t
, (3.17)
where ρ accounts for the radion e5y. This parameterization satisfies the constraint N˜ = ρ3.
The exact potential becomes now
V(B) =
M4P g¯
2
2ρ
3− 4 sinh4 t
cosh2/3 t (3 + 4 sinh2 t)
. (3.18)
8In the derivation we used that KIJ¯ = −N˜ N˜ IJ¯ + 12 (Σ + Σ+)I(Σ + Σ+)J¯ .
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Clearly, V(A) and V(B) exhibit instabilities which in both cases will lead to the collapse of the
extra-dimension: σ0 → 0 in the first case, ρ → 0 (t → ∞) in the second one. Back to 5D,
V(A) corresponds to a bulk negative cosmological constant, while V(B) describes a bulk positive
cosmological constant and a tachyonic scalar (to be parametrized by ψ). As we will show now, this
is a generic feature when, for at least some I, g¯I 6= 0.
To be more precise, we will prove here that if ΣI0 is at an extremum of the potential VF , i.e.
∂VF
∂ΣI0
= 0, there is at least one tachyonic direction at ΣI0. This means that it is not possible to
simultaneously stabilise all the vector moduli. (Below we will see that the addition of a constant
superpotential can remedy this situation, leading to AdS vacua.) A detailed derivation of this
assertion is provided in appendix A, while here we only present the crucial steps. Essentially, the
argument goes by showing that at any extremum the potential VF must vanish:
VF (Σ0) = 0, for
∂VF
∂ΣL0
= 0. (3.19)
Using this fact we then go on to find that for the vector vJ ≡ g¯IN˜ I(Σ0 + Σ+0 ) we have
vJ
∂2VF
∂ΣJ0∂Σ¯
I¯
0
vI ≤ 0, (3.20)
where the bound is saturated only in the no-scale case (gI = 0 ∀I). We see that the mass2-matrix
at the extremum Σ0 displays at least one negative eigenvalue (unless we consider the no-scale case).
This situation changes by inclusion of a moduli independent brane superpotential Wbr with non
vanishing real part. For example,
(C) with N˜ = (σ0)3 and adding to (A) the superpotential Wbr, the potential becomes
V(C) = −M4P
(
2
3
g¯20
σ0
+
g¯0
σ20
(Wbr +W
+
br)
)
. (3.21)
For g0(Wbr + W
+
br) < 0 the radion σ0 is stabilized at 〈σ0〉 = −3(Wbr + W+br)/g¯0. However, this
vacuum is AdS. For a self consistent uplifting to a M4 or dS vacuum, additional care is needed.
3.1.2 FI terms and D-term potentials
We consider now vector multiplets VM = (V M ,ΣM) ∼ (+,−), which differ from the ones in the
previous paragraphs in their orbifold parities. Besides that, we still have vector multiplets of the
previous type VI = (V I ,ΣI) ∼ (−,+), which entail the radion and other moduli. We have the bulk
interactions:
L =−
∫
d4θ
{
1
4
NAB(Σ)WAWB + 3N (Vy) 13
[
h+e−gMV
M
h+ hc+egMV
M
hc
] 2
3
}
− 2
∫
d2θ hc(∂y − gMΣM)h+ h.c.,
(3.22)
where the combination gMV
M gauges an U(1)′R subgroup of the SU(2)R which (unlike the U(1)R of
the previous paragraphs) survives the orbifold projection. The constants gM are Fayet-Iliopoulos
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couplings. Notice that there is another type of FI couplings, namely odd FI couplings , which don’t
survive upon reduction to 4D (see [12] and references therein).
The nai¨ve effective 4D couplings, obtained from (3.22), are determined by the Ka¨hler potential
K = − ln N˜ (Σ + Σ+), and the D-term potential
VD =
1
4
NˆNM(Σ + Σ+)DNDM − κ−24 g¯MDM . (3.23)
There is no superpotential and thus also no contribution of F-terms to the potential. After inte-
grating out the DM we finally get
VD = −M4P g¯NNˆNM g¯M . (3.24)
Even though it resembles the F-term potential in eq.(3.14), this potential displays a crucial differ-
ence: There is no such term like the second one in (3.14), which in this case would read
V ⊃ −M
4
P
2N˜ (g¯M(Σ
M + ΣM+))2. (3.25)
The reason is that in our reduction to a 4D effective theory we dropped the odd fields ΣM , otherwise
there would be such a term as the one above. As this term gives negative squared masses to the
ΣM it is clear that even though these are odd superfields, they cannot be consistently set to zero
unless the FI terms g¯M are small enough so that the Kaluza-Klein mass compensates their effect.
However, for a large enough radius of the 5th direction the ΣM will again become tachyonic. This
is something one should worry about.
Let’s come back to the D-term potential VD of (3.24) and discuss its possible use for moduli
stabilization. We consider as an example again the norm function κ5N = (σ0)3− σ0(σ1)2, but now
σ0 ∼ + while σ1 ∼ −. We get the following potential
V(D) =
1
2
M4P g¯
2
1
σ0
, (3.26)
which is essentialy the same as V(B) stripped off of the tachyonic field ψ, which now is an odd
field that we assume to be stabilized by its KK mass. Unlike the F-term potentials, V(D) induces
a runaway behaviour for the radion σ0 towards decompactification. In their work on dS flux
compactifications [51], KKLT proposed to use such a D-term potential to uplift the supersymmetric
AdS vacua induced by non-perturbative superpotentials. It is by now clear that this cannot be
done in a way consistent with the gauged R-symmetry [52–55]. In fact, under the above U(1)′R,
the compensator transforms [56] as h → egMΛMh, and accordingly any superpotential W (defined
in eq.(3.13)) will have to transform as W → e−2gMΛMW . This puts a non-trivial constraint on the
form of the allowed superpotentials. In particular, superpotentials of the type W = a+ be−cΣ, with
constant a, b, c are not compatible with FI terms (of the above type).
So, it seems that it is fair to say that FI terms are problematic for moduli stabilization. This
is true, in particular, for the first of the two stabilization mechanisms discussed in ref. [57], which
uses an FI term to give mass to a vector multiplet. We will have more to comment on this in
sec.3.2.
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3.2 One-loop effects and moduli stabilization
As it turns, one-loop corrections to the Ka¨hler potential, due to bulk multiplets, can lead to
moduli stabilization in M4 vacua [58, 59]. A more detailed discussion of this kind of stabilization
mechanism was then presented in refs. [57, 60] (see [61] for a discussion of two-loop effects), for
the single modulus (i.e. the radion) case. Here we will present the supergravity embedding of
these models, generalizing them to the many moduli case, and consider new one-loop corrections
to K(Σ,Σ+). These new corrections will be crucial to lift the flatness of the potential in the axionic
directions, as they break the continuous shift symmetry (common for no-scale type theories) present
at tree-level.
There are essentially two kinds of loop corrections which one might call moduli-independent or
moduli-dependent, respectively. The first depends only on the combination of the moduli which
measures the size of the extra-dimension, the radion. The second one depends also on other combi-
nations of the moduli and arise when some multiplets are charged under some bulk abelian gauge
symmetries (that is, some isometries of the scalar manifold are gauged by vector multiplets). These
two kinds of corrections correspond to the contributions of massless and massive bulk multiplets of
rigid supersymmetry.
Moduli-independent one-loop contributions
We consider first the contributions of the gravitational sector, abelian vector multiplets in the
unbroken phase, and uncharged hypermultiplets. These lead to a 1-loop correction to the low-
energy D-term Lagrangian of the form,
∆LV = −
∫
d4θ
α
R3W2y
+ (higher powers in a superderivative expansion), (3.27)
where α = (−2 −NV +NH) ζ(3)2(2π)5 depends on the number NV of ”massless” vector multiplets and
on the number NH of ”massless” hypermultiplets. Integrating out Wy, eq.(2.9) is modified and one
finds the following one-loop Ka¨hler potential9
K(Σ,Σ+) = − ln
(
N˜ (Σ + Σ+) + ∆
)
, (3.28)
where
∆ = ∆α ≡ κ25
α
R3
. (3.29)
For a detailed derivation (in superfield language) of this and other type of 1-loop corrections to the
Ka¨hler potential see [65].
Moduli-dependent one-loop contributions
There are several ways of gauging isometries of the scalar manifold and therefore there are also
different possible 1-loop corrections to K(Σ,Σ+):
9See also [63, 64] and references therein.
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Let us start with a physical hypermultiplet H = (H,Hc) ∼ (+,−) charged under the vector
multiplet V = (V,Σ) ∼ (−,+). The relevant couplings are∫
d2θ (2Hc∂yH − gβΣ(H2 −Hc2)) + h.c., (3.30)
and the corresponding one-loop contribution to K(Σ,Σ+) in eq.(3.28), due to hypermultiplets run-
ning in the loop is
∆β = κ
2
5
β
R3
(e−2πRgβΣ + e−2πRgβΣ
+
)
(
1 + πRgβ(Σ + Σ
+)
)
+ higher k, (3.31)
with β = NHβ/4(2π)
5, where NHβ is the number of charged hypermultiplets. In the most general
case gβΣ can be replaced by a linear combination of moduli gIΣ
I . A feature which we did not
display is that (3.31) is only valid for Re(Σ) > 0, for Re(Σ) < 0 we must replace Σ→ −Σ. There
are several ways of deriving eq.(3.31), the most elegant one using the relation of the Ka¨hler potential
of N = 2 supergravity to the prepotential, K = − ln (−2(F + F+) + (FI + F+I¯ )(ΣI + ΣI¯+)). This
and also a supergraph derivation will be presented in [65].
At this point one should make a remark regarding the regime of validity of the above 1-loop
contribution to the effective Ka¨hler potential. In fact it relies on Σ being large enough as to make
the lowest lying hyper KK mode massive enough compared to Σ it-self. If this is the case, it implies
in turn that there is no effective superpotential arising from (3.30). This is indeed the case in
specific models that we will consider in [65].
Another type of coupling between a hypermultiplet and a vector multiplet with the same orbifold
parities as in the previous example, is∫
d2θ 2Hc(∂y − gγǫ(y)Σ)H + h.c., (3.32)
where ǫ(y) = ∂y|y| is the periodic step-function. Integrating out the hypermultiplets we get the
following contribution to ∆
∆γ = κ
2
5
γ
R3
e−πRgγ(Σ+Σ
+)
(
1 + πRgγ(Σ + Σ
+)
)
+ higher k, (3.33)
where γ = NHγ/2(2π)
5 and NHγ is the number of hypermultiplets. This expression can e.g. be
obtained from formulae given in [60] or by a supergraph calculation [65]. A relevant difference
to the case discussed previously lies in the fact that the lowest KK mode is now massless before
supersymmetry is broken [62]. It might be present in the low-energy field content. But the crucial
difference to eq.(3.31) is that it doesn’t depend on the axionic modulus Im(Σ).
Even though ∆β and ∆γ have a similar form, in the presence of a constant superpotential W0
they lead to rather different potentials. We find that by a suitable arrangement of the parameters
α, β and γ as well as of the couplings gβ and gγ it is possible to obtain potentials with M4 or dS
minima [66]. Notably, at these minima also the axionic part of the moduli are stabilized. The
detailed study of these potentials will be presented elsewhere [65].
Finally, we would like to comment on the two models of radion stabilization presented in [57]. An
important ingredient of these models is a 1-loop correction due to ”massive” bulk vector multiplets.
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In addition to the fact that it doesn’t stabilize the axionic moduli, in our view the first of these
models has the problem that the vector multiplet gets its mass from spontaneous symmetry breaking
induced by a Fayet-Iliopoulos term. As we already pointed out, it is difficult to conciliate an FI
term with a constant superpotential and therefore, as it stands, we think the first model of [57] is
not viable for moduli stabilization. On the other hand, the second model, involving the Hosotani
breaking of a bulk SU(2) gauge symmetry, does not share these problems. It would be interesting
to embbed this model in 5D orbifold supergravity, however this goes beyond the scope of this paper.
3.3 Non-perturbative effects from gaugino condensation
As we have already mentioned, the flatness of the potential will be lifted either if the Ka¨hler poten-
tial receives non cubic (with respect to ΣI + ΣI+) corrections, or the superpotential has a moduli
dependent part. In this subsection we will show how this can be achieved by gaugino condensation.
In this case the effective superpotential will have a moduli dependent (non perturbative) part.
Also the Ka¨hler potential gets a non perturbative correction. The whole effective action can still
be written in a superconformal form
−3
∫
d4θ e−K/3φ+φ+
∫
d2θ φ3W + h.c. (3.34)
Discussing gaugino condensation, we follow an effective 4D description dealing with the zero modes
of the relevant states. Thus, the arguments applied for a pure 4D gaugino condensation scenario
will be appropriate. For this case the super and Ka¨hler potentials include perturbative (p) and
non-perturbative (np) parts [67]:
W = Wp +Wnp , e
−K/3 = e−Kp/3 − k e−Knp/3 , (3.35)
where k is some constant. The action with (3.35) is valid below a scale Λ corresponding to the
energy scale at which the gauge sector becomes strongly coupled.
For demonstrative purposes we will consider an example with one non-Abelian SU(N) YM
theory which is responsible for the gaugino condensation. Taking the norm function
N (M) = M30 −M0Tr(Mg)2 , with Mg =
1
2
λaMa , a = 1, · · · , N2 − 1 , (3.36)
the coupling of the moduli superfield Σ0 with the gauge field strength will be
−1
4
∫
d2θNIJ(Σ)WIWJ + h.c.→ 1
4
∫
d2θΣ0WaWa + h.c. (3.37)
The effective 4D superconformal theory with (3.34), (3.37) possesses Weyl and chiral U(1) sym-
metries at classical level, a superposition of which is anomalous on the quantum level. Namely, a
mixed gauge-chiral anomalous term is generated and the counter term [68, 69]
−2c
∫
d2θ
1
4
lnφWaWa + h.c (3.38)
is needed to take care of the anomaly cancellation. The coefficient c in (3.38) is related to the gauge
group b-factor and is positive for asymptotically free theories.
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Therefore, the coupling of the composite chiral superfield U = 〈WaWa〉 with moduli and com-
pensating superfields is given by
1
4
∫
d2θ (Σ0 − 2c lnφ)U + h.c. (3.39)
Eq. (3.39) is the starting point for computing the non perturbative effective action Γ(Σ0, U). After
obtaining Γ(Σ0, U), one can minimize it with respect to U (determining the condensate U0) and
then plugging back the value of U = U0 in Γ(Σ
0, U) derive the effective action for the Σ0-modulus.
In the case of a single condensate, the non-perturbative Ka¨hler and superpotentials are given by [67]
Knp = 3
2c
(Σ0 + Σ0+) , Wnp = W˜ exp
(
−3Σ
0
2c
)
. (3.40)
It is interesting to note the similarity of the non-perturbative superpotential Wnp with the tree-
level ones of section 3.1.2 in the small modulus limit Σ0 → 0. As is the case for the tree-level
superpotentials, with the addition of a constant brane superpotential it is possible to obtain AdS
vacua and therefore, also in this case, an additional contribution must be generated [43] in order
to set the vacuum energy to zero.
The tree level perturbative Ka¨hler potential has the form Kp = −3 ln(Σ0+Σ0+). Therefore the
total Ka¨hler potential will be
K = −3 ln
(
Σ0 + Σ0+ − ke−Σ
0+Σ0+
2c
)
. (3.41)
Note that the non-perturbative correction to the Ka¨hler potential in the problem of moduli sta-
bilization is usually not taken into account in the literature. In fact, there is no physical reason
to exclude the k-term from considerations. Since the coefficient k is related to a mass scale, one
should expect that it will have an impact on the stabilized value of the modulus Σ0. Indeed, we find
that the inclusion of the non-perturbative part of the Ka¨hler potential can introduce significant
effects in the stabilizing potential. A detailed study of the effects of gaugino condensation and their
interplay with the perturbative one-loop contributions in the context of moduli stabilization will
be presented elsewhere [65].
4 Reduction to 4D in warped geometries
This section deals with the implementation of the approach developed above now for warped ge-
ometries. We want to take into account a possible gauging of the U(1)R symmetry with an odd
coupling10. As it was pointed out in [72–74] and in superfield description developed in [11, 12],
this is needed to obtain the SUSY Randall-Sundrum model [5] and its generalizations. Again, for
simplicity, at first we do not consider physical hypermultiplets. The hyper Lagrangian in this case
10See [70] where the relation between the ’odd coupling’ formulation and the’even coupling’ formulation of [71] is
discussed. The ABN version [71] with an even gauge coupling leads to ’detuned’ brane tensions. This was discussed
in ref. [19] and in ref. [70] and subsequent papers. The detuned version in [70] leads to AdS5 in the bulk and to
spontaneously broken SUSY on the branes.
18
is (see [11])11
L = −3
∫
d4θN (Vy) 13
[
h+e−
3ǫ
2
kIV
I
h+ hc+e
3ǫ
2
kIV
I
hc
] 2
3 − 2
(∫
d2θ hc(∂y − 32ǫ(y)kIΣI)h+ h.c.
)
.
(4.1)
We will first show how to obtain the low-energy Lagrangian for the single modulus case, i.e.
the only modulus is the radion superfield Σ0. This is the supersymmetric RS-model. For purposes
that will become clear below, we introduce the chiral superfield φ as
h = κ−15 exp
(
3k0
2
∫ y
0
dyǫ(y)Σ0
)
φ
3
2 , (4.2)
and similarly
hc = κ−15 exp
(
−3k0
2
∫ y
0
dyǫ(y)Σ0
)
φ
3
2φc (4.3)
to get12
L = −3κ−15
∫
d4θ V 0y e
k0
∫ y
0
dyǫ V 0y φ+φ
[
1 + φc+φc e−3k0
∫ y
0
dyǫ V 0y
] 2
3 −
(∫
d2θ κ−25 φ
c∂yφ
3 + h.c.
)
+ · · ·
(4.4)
The crucial point now is that in a supersymmetric compactification the chiral compensator φ cannot
depend on y, the fifth coordinate. This fact follows from the BPS condition F ∗φc ∝ ∂yφ3 = 0 which
is obtained [12] from (4.4). We see that all the y-dependence of the compensator h is entailed in
the exponential e
∫ y dyǫ(y)Σ0 , implying that in the e5y = 1 gauge
h = κ−15 exp
(
3
4
κ−15 k0 |y|
)
+ · · · (4.5)
Thus, according to (2.14) (for |φH |2 = |φcH |2 = 0) there is a non-trivial warp-factor of RS-type,
given as 2σ(y) = κ−15 k0 |y|.
Now, we see that it is possible to perform the integration of (4.4) over y exactly, since
V 0y exp
(
k0
∫ y
0
dyǫ V 0y
)
=
ǫ(y)
k0
∂y exp
(
k0
∫ y
0
dyǫ V 0y
)
, (4.6)
and ∂yφ = φ
c = 0. Using this we are able to obtain the effective 4D Lagrangian in a straightforward
way. We get13
L(4D) =
∫ πR
−πR
dyL = −6κ−15
∫
d4θ
1
k0
(
e
k0
2
∮
dy(Σ0+Σ0+) − 1
)
φ+φ, (4.7)
11We refer the reader to appendix D and section 4 of [11] for a detailed explanation of the Lagrangians appearing in
this section. This includes a derivation of the bosonic part of the component action, as well as of the BPS equations
of motion which fix the warped geometry dynamically.
12Here and in the following we assume that the odd vector superfield V vanishes at the boundaries, i.e. V (0) =
V (piR) = 0. This would not be the case in the presence of brane localized kinetic terms. In section 5.4 we explain
how to handle that situation.
13For notational simplicity we will sometimes write
∮
=
∫ piR
−piR
.
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which in terms of the radion chiral superfield T ≡ 1
2π
∮
dyΣ0 (and with k = k0) becomes
L(4D) = −6κ−15
∫
d4θ
1
k
(
ekπ(T+T
+) − 1
)
φ+φ, (4.8)
the very same expression obtained in refs. [24, 25]. The corresponding Ka¨hler potential is
KRS(T, T+) = −3 ln 2e
kπ(T+T+) − 1
k
. (4.9)
Note that to obtain this expression no detailed knowledge on the xµ and y dependencies of the
radion Σ0 or of V 0 was needed. In fact, it is known [24,25] that for ∂µIm(Σ
0) 6= 0 a tadpole leads to
a non-zero VEV of the superfield ∂yV
0. This has the crucial effect of ensuring the supersymmetry
of the low-energy action. But, in the superfield approach we use here we do not need to know the
exact value of ∂yV
0, since ∮
dy V 0y =
∮
dy (Σ0 + Σ0+) = 2π(T + T+). (4.10)
4.1 General warped geometries without hypermultiplets
Clearly, the derivation of the Ka¨hler potential for the supersymmetric RS model was highly simpli-
fied by the assuption of only one existing modulus. What happens in the more general case with
multiple vector moduli? Looking back to eq.(4.1) we introduce now the 4D compensator chiral
superfield as
h = κ−15 exp
(
3
2
∫ y
0
dyǫ(y)kIΣ
I
)
φ
3
2 . (4.11)
It is then clear that the effective 4D Ka¨hler potential should be obtained by evaluating the following
expression
K = −3 ln
{∮
dyN 13 (Σ + Σ+) exp
(∫ y
0
dy ǫ(y)kI(Σ
I + ΣI+)
)}
. (4.12)
Unfortunatly it is in general not straightforward to calculate this explicitely, the only simple case
being the one we already discussed. There are two reasons for this difficulty: the first complication
is that ΣI depends both on xµ and y, the second one is that in most cases we are not even able to
explicitely know what this dependence is. Only in the single modulus case it is possible to obtain
a closed expression for K without relying on any knowledge on the (xµ, y)-dependence of Σ0.
On the other hand, there is a piece of information which we can use to evaluate (4.12) within
some level of approximation as we will explain now. To be precise, we can explore the fact that
(4.12) is invariant under a shift of the superfield ΣI by an imaginary constant, ΣI → ΣI + icI . For
the moduli T I defined as
T I ≡ 1
2π
∮
dyΣI , (4.13)
this shift symmetry becomes T I → T I + iRcI . It follows that the Ka¨hler potential K can only
be a function of T I + T I+, and eventually of superfield derivatives of T I ± T I+. But the latter
contribute only to higher order space-time derivative terms in the Lagrangian and can be droped in
a truncation at two-derivative order. We will in the following work at the level of such a truncation.
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Then, by supersymmetry, the dependence of K on T I + T I+ can be obtained just by considering
the real part tI of T I ’s lowest component, and using the replacement 2tI → T I + T I+ at the end of
the calculation.
We start with the following 5D metric
ds25 = e
2σdx24 + e
−4σdy2. (4.14)
As we just said, to obtain an explicit expression for the Ka¨hler potential (4.12), we only need to
know the explicit (xµ, y)-dependence of ΣI (I = 0, 1) if we want to go beyond the two-derivative
truncation. We should note, however, that the above metric is expected (cf. [44]) to be a good
Ansatz also for ”small” fluctuations around the x-independent solution of the BPS equations of
motion, i.e. when we replace σ(y)→ σ(x, y).
Now, the BPS equations can be obtained by requiring vanishing D-terms and F-terms [12] and
read
∂y
(
e2σNI(M)
)
= 3ǫ(y)M35 kI , (4.15)
(where we already used the gauge e5y = e
−2σ) and
(∂y − e5yǫ(y)kIM I)e2σ = 0. (4.16)
With (4.14) and also using eq.(4.16) one readily finds a simple expression for the Ka¨hler potential14
K(T, T+) = −3 ln
{∮
dy e5y exp (2σ(y)− 2σ(0))
}
=
= 6 σ( 0 ;T I + T I+)− 3 ln 2πR,
(4.17)
where σ( 0 ;T I + T I+) is the warp-factor evaluated at y = 0, as obtained by solving eqs.(4.15),
written in terms of T I + T I+ = 2tI .
Let us explain this with the following particular example: we consider the setup defined by the
norm function N (M) = κ5(M0)2M1 and the charges k0, k1 6= 0. Then the eqs.(4.15) are solved
with
e2σ = κ−15
(
3k0
2
|y|+ b0
2
) 2
3
(3k1|y|+ b1)
1
3 , (4.18)
and
e5yM
0 =
2
3k0|y|+ b0 , e
5
yM
1 =
1
3k1|y|+ b1 . (4.19)
(The x-dependence would enter these expressions, and in particular σ(x, y), through the integration
constants bI which would be promoted to x-dependent quantities bI(x) (see e.g. [44]).) It is then
not difficult to see that
b0 =
3k0πR
e3k0πt0 − 1 , b1 =
3k1πR
e6k1πt1 − 1 . (4.20)
Finally, plugging this back in (4.18) and then in eq.(4.17) we obtain the Ka¨hler potential as
K(T, T+) = −2 ln 4e
3
2
k0π(T 0+T 0+) − 1
3k0
− ln 2e
3k1π(T 1+T 1+) − 1
3k1
. (4.21)
14Note that despite the fact that K is obtained by evaluating σ(y;T + T+) at the y = 0 brane, there is no
asymmetry between the y = 0 brane and the y = piR brane. In fact, σ(0;T + T+) and σ(piR;T + T+) differ just by
a Ka¨hler gauge transformation.
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Clearly, K has the correct behaviour in the unwarped limit k0, k1 → 0, that is K → − ln N˜ (T +T+).
Here, a few remarks are in order. Let us first stress again that the relation K(T, T+) =
6 σ( 0 ;T I + T I+) was obtained under the assumption that truncating the Lagrangian at second
order in the derivatives is a good approximation. In addition, to obtain the Ka¨hler potential
of eq.(4.21) we had to rely on our ability to write the warp-factor σ(y) in terms of the moduli
tI = (T I + T I+)/2. In more general cases this will not be possible, at least not in an exact way.
Then one will have to work within additional approximations to obtain explicit expressions for
K(T, T+).
It is interesting to note that also in ref. [44] a general expression for the effective Ka¨hler potential
for gauged SUGRA was presented, which was then evaluated explicitely for the model we just
considered above. It would be nice to understand if and how their expression is related to ours
(eq.(4.21)), but in fact we were not able to find such a relation (beyond the unwarped limit)15 .
An additional example of an exactly solvable model is the so-called STU-model, which is defined
by N (M) = κ5M0M1M2 (see [74]). In this case we find that the Ka¨hler potential reads
KSTU(T, T+) = −
2∑
I=0
ln 2
e3kIπ(T
I+T I+) − 1
3kI
. (4.22)
Needless to say, also the simple RS-model of eq.(4.9) can be recovered in the same way.
4.2 Hypermultiplets and supersymmetric Minkowski vacua
Let us consider now the addition of one physical hypermultiplet (H,Hc) ∼ (+,−) also charged
under the U(1)R with odd coupling. To take this into account, the 5D Lagrangians undergo the
following modifications
LD = −3
∫
d4θN (Vy) 13
[
h+e−
3ǫ
2
kIV
I
h+ hc+e
3ǫ
2
kIV
I
hc −H+e− 3ǫ2 qIV IH +Hc+e 3ǫ2 qIV IHc
] 2
3
, (4.23)
LF = −2
∫
d2θ hc(∂y − 32ǫ(y)kIΣI)h+ 2
∫
d2θHc(∂y − 32ǫ(y)qIΣI)H + h.c. (4.24)
For the sake of simplicity we just consider the case with N = κ5(M0)3. More general scalar
manifolds can in priciple be handled using (4.17). Due to the global symmetry Φ → Φ eiα, the
Ka¨hler potential can be determined at two-derivative order just by considering a constant value ϕ
of the scalar component of Φ, and using the replacement |ϕ|2 → Φ+Φ at the end of the calculation.
To obtain the low-energy action we have, again, to factor out the y-dependence of the superfields.
In addition to eqs.(4.2) and (4.3), we have for the physical hypers
H = κ−15 Φ0 exp
(
3q0
2
∫ y
0
dyǫ(y)Σ0
)
φ
3
2 , (4.25)
15After concluding this work, we noticed a subtle error in eq.(3.14) of ref. [44]. This error propagates throughout
the paper in such a way that in ref. [44] what is called a Ka¨hler potential is in fact the so-called sympletic potential,
which is related to the Ka¨hler potential by a Legendre transform. For a recent description of both the complex and
the sympletic formulations of Ka¨hler geometry see [75].
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and
Hc = κ−15 Φ
c
0 exp
(
−3q0
2
∫ y
0
dyǫ(y)Σ0
)
φ
3
2 . (4.26)
In terms of the new variables, the F-term Lagrangian reads
LF = −κ−25
∫
d2θ
(
φc∂yφ
3 + φ3(Φ0∂yΦ
c
0 − Φc0∂yΦ0)
)
+ h.c. (4.27)
Again, supersymmetry requires that ∂yφ = ∂yΦ0 = 0. This follows from the BPS conditions
Fφc = FΦc0 = 0. Moreover, unless we turn on a brane localized superpotential, FΦ ∝ ∂yΦc0 = 0
implies the odd superfield Φc0 to vanish at low energies. The 4D Lagrangian is thus obtained by
integrating16
L = −3κ−15
∫
d4θ V 0y e
k0
∫ y
0 dyǫ V
0
y φ+φ
[
1− Φ+0 Φ0 e
3
2
(q0−k0)
∫ y
0 dyǫ V
0
y
] 2
3
, (4.28)
over the S1/Z2 orbifold. Proceeding like in (4.2) ff it is straightforward to obtain the corresponding
Ka¨hler potential
K(T + T+, |Φ0|2) = −3 ln 2
k0
∫ eπk0(T+T+)
1
dρ
[
1− |Φ0|2 ρ 32 (q0/k0−1)
] 2
3
, (4.29)
which for |Φ0|2 = 0 reduces to KRS (cf. eq.(4.9)), as it should. It is interesting to consider the
special case 3q0 = 5k0, where we can evaluate K exactly
K3q0=5k0 = −3 ln
6
5k0|Φ0|2
{(
1− |Φ0|2 eπk0(T+T+)
) 5
3 − (1− |Φ0|2) 53
}
= −3 ln
{(
1− |Φπ|2
) 5
3 − (1− |Φ0|2) 53}+ · · ·
(4.30)
Here we introduced Φπ ≡ Φ0 eπk0T and the ellipsis stand for terms which can be gauged away by
a Ka¨hler transformation. Note that Φ0 and Φπ are the values that the 5D superfield Φ(y) = H/h
takes at the two branes.
Looking back at eq.(4.30), one observes an intricate mixing of the moduli in the Ka¨hler potential,
that is typical for warped compactifications. The same kind of structure also appears in the
reduction of 5D heterotic M-theory, that we will perform in the following section. This has some
interesting consequences, in particular it turns out that certain ”dualities” that would exist in the
unwarped limit k0 = q0 = 0, namely T → T−1 and Φ → Φ−1, are absent (or have to be modified)
in the warped case with Φi 6= 0. On the other hand, in the limit that Φ0 → 1, which corresponds
to a Randall-Sundrum II like model with e2σ(0) = 0, we get K → −5 ln(1 − |Φπ|2), which displays
the ”duality” Φπ → Φ−1π . Similar properties appear in the heterotic M-theory case, see eq.(5.18).
Another pertinent observation is that also for arbitrary values of q0 and k0 the Ka¨hler potential
of eq.(4.29), written as a function of Φ0 and Φπ = Φ0 e
3
2
(q0−k0)πT , has a rather suggestive form:
K (|Φ0|2, |Φπ|2) = −3 ln{F (|Φπ|2)− F (|Φ0|2)}+ · · · , (4.31)
16Note that, according to (2.14), for a non-vanishing hypermultiplet (|Φ0|2 6= 0) the warp-factor is 2σ(y) =
κ−15 k0|y|+ ln
{
1− |Φ0|2 exp
(
3
2 (q0 − k0)|y|
)}
, in the e5y = 1 gauge. This visibly differs from the RS case.
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where
F (|Φ|2) =
∫ |Φ|2
dx x
2
3
k0
q0−k0
−1
(1− x) 23 . (4.32)
In view of this and of the fact that by fixing the Φi at values with Φ0 6= Φπ we also fix the radion
T ∼ ln(Φπ/Φ0), one is naturally led to consider a supersymmetric version of the Goldberger-Wise
stabilization mechanism [76], where now superpotentialsWi(Φi) localized at each brane ensure that
the Φi are stabilized at different non-vanishing values. For example, one could take
Wi(Φi) = κ
−2
5 (Φi − ai)2, (4.33)
with a0 6= aπ 6= 0. In this model there is a supersymmetric Minkowski vacuum at Φi = ai, since
DiWi(ai) = Wi(ai) = 0, (4.34)
and therefore
VF (ai) = 0. (4.35)
Unfortunatly, this idea has a flaw. To understand that, it is usefull to rewrite the brane couplings
in terms of the 5D superfields h and H :
L0 = δ(y)
∫
d2θ φ3W0(Φ0) + h.c. = κ
2
5 δ(y)
∫
d2θ h2W0(H/h) + h.c., (4.36)
Lπ = δ(y − πR)
∫
d2θ φ3Wπ(Φπ) + h.c. = κ
2
5 δ(y − πR)
∫
d2θ h2Wπ(H/h) e
−3k0πT + h.c. (4.37)
The problem is the presence of a non-local quantity, the ”Wilson-line” T ∼ ∮ dyΣ0, in the brane
localized interaction Lπ. This is physically not sensible. The correct brane Lagrangian at y = πR
in fact must read17
Lπ = κ25 δ(y−πR)
∫
d2θ h2Wπ(H/h)+h.c. = δ(y−πR)
∫
d2θ φ3 e3k0πT Wπ
(
Φ0 e
3
2
(q0−k0)πT
)
+h.c.,
(4.38)
and the effective 4D superpotential is thus
W = W0(Φ0) + e
3k0πT Wπ
(
Φ0 e
3
2
(q0−k0)πT
)
. (4.39)
Supersymmetric M4 stable vacua can now be found by requiring ∂0W = ∂TW = W = 0. A
simple model realizing this idea was proposed in [77] (see also [78]), and consists of using linear
brane superpotentials: W0 = aΦ0 and Wπ = −bΦ0 e 32 (q0−k0)πT . It is not difficult to find that there
is a supersymmetric M4 vacuum at Φ0 = 0 and T =
2
3π(q0+k0)
ln(a/b). This vacuum is a minimum of
the potential. In fact, it is a general feature of any supersymmetric Minkowski vacuum (in N = 1
SUGRA) that the mass-matrix is positive semi-definite18. One has in this case
∂A∂B¯VF =M
4
P e
KKIJ¯(∂A∂IW )(∂B¯∂J¯W¯ ), (4.40)
17In addition to locality, the form of this F-term Lagrangian is determined by requiring the integrand composite
chiral superfield in (4.38) to have the Weyl weight w = 3. Since both h and H have w = 3/2, it turns out that (4.38)
is the most general brane Lagrangian satisfying this condition.
18This has also been recently pointed out in [79], in a study of racetrack superpotentials.
24
showing that unless ∂A∂IW = 0 for ∀I and some A, the matrix ∂A∂B¯VF is positive definite. In the
particular case that we consider here, this matrix reads
∂A∂B¯VF = M
4
P e
KǫIAKIJ¯ ǫJ¯B¯ |3(q0 + k0)a/2|2 . (4.41)
It is a nice feature of the model of [77] that there is no need for any fine-tuning to obtain
Minkowski susy vacua, unlike it is the case for racetrack models [79]. We would like, however,
to express some concerns regarding the consistency of these models: Let us recall that both the
compensator superfield h and the physical superfield H transform under the U(1) symmetry gauged
by V 0 as
h→ exp
(
3
2
ǫ(y) k0Λ
0
)
h, H → exp
(
3
2
ǫ(y) q0 Λ
0
)
H, (4.42)
if V 0 → V 0 + Λ0 + Λ0+. Here, the chiral superfield Λ0(x, y) has odd orbifold parity. In particular,
at the y = 0 boundary we have
h(x, 0)→ exp
(
3
2
k0 ǫ(0)Λ
0(x, 0)
)
h(x, 0), H(x, 0)→ exp
(
3
2
q0 ǫ(0)Λ
0(x, 0)
)
H(x, 0). (4.43)
Thus, it is crucial to understand what the (value of the) (odd)2 product ǫ(0)Λ0(x, 0) is. In fact, in
case it does not vanish, to ensure the gauge invariance of the brane couplings (∼ hH) in the model
of ref. [77] we must require the hypers to have opposite charges, that is q0 + k0 = 0. Clearly, this
has the consequence that the supersymmetric M4 minimum degenerates into a flat potential, see
e.g. eq.(4.41). We thus see that the consistency of these stabilization models depends crucially on
the meaning of the product of Z2-odd functions at the orbifold boundaries. This is an interesting,
in our view unsettled issue.
5 Dimensional reduction of 5D heterotic M-theory
Having found in sec.2.2 the bulk superspace Lagrangians for the ungauged 5D supergravity coupled
to the universal hypermultiplet, we are now in a position to write down the 5D heterotic M-theory
of [20, 21] in superfield language. The only modifications to the bulk Lagrangians (2.21) and
(2.22) are due to the gauging of an U(1) subgroup of the isometries of the universal hyperscalar
manifold [15]. Note that this U(1) isometry leaves |H|2 − |h1|2 invariant. To better account for
these modifications let us introduce the following doublet
HT = (H, h1) , (5.1)
and similar for Hc. With this notation, eqs.(2.15) and (2.16) can be recasted as
LD = −3
∫
d4θN (Vy) 13
[
h+2 e
VTh2 + h
c+
2 e
−VThc2 −H†σ3 e−VTH−Hc†σ3 eVTHc
] 2
3 , (5.2)
and
LF = −2
∫
d2θ
{
hc2∂yh2 −HcTσ3∂yH + ΣT (hc2h2 +HcTσ3H)
}
+ h.c., (5.3)
where σ3 = diag(1,−1).
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The U(1) will be gauged by a combination VS = αIV
I of the vector multiplets with orbifold
parities (V,Σ)I ∼ (−,+). In the case of interest we can take [15] the U(1) generator acting on H to
be σ3+iσ2. Therefore, it will be usefull in the following to introduce the notation VS = (σ3+iσ2)VS
and ΣS = (σ3 + iσ2)ΣS. The bulk Lagrangians for the 5D heterotic M-theory read
LD = −3
∫
d4θN (Vy) 13
[
h+2 e
VTh2 + h
c+
2 e
−VThc2 −H†σ3 e−VT−ǫ(y)VSH−Hc†σ3 eVT+ǫ(y)VSHc
] 2
3 ,
(5.4)
and
LF = −2
∫
d2θ
{
hc2∂yh2 −HcTσ3∂yH + ΣT (hc2h2 +HcTσ3H) + ǫ(y)HcTσ3ΣSH
}
+ h.c., (5.5)
where VS = αIV
I and ΣS = αIΣ
I . To make contact with the component (bulk) Lagrangians of [21]
one has to note that [15] (
H
h1
)
θ=0
=
1− S
1 + S
,
(
Hc
h2
)
θ=0
= ξ
1 + S
S + S+
, (5.6)
where S, ξ are complex fields, and S is related to the volume V of the Calabi-Yau 3-fold by S =
V + |ξ|2+ iσ. Here, σ is the dual of the 3-form potential C3 arising from the 11D bulk in M-theory.
In addition one has also to solve the constraints arising from the variations of the multipliers VT
and ΣT .
5.1 Effective 4D Ka¨hler potential
It is our goal now to obtain the effective low-energy 4D Ka¨hler potential of this model. We will use
the same strategy as in the previous section. We start by factorizing the y-dependence of H(x, y)
and Hc(x, y) as
H = exp
(∫ y
0
dyǫ(y)ΣS
)
Φ(x) =
(
1 +
∫ y
0
dyǫ(y)ΣS
)
Φ(x), (5.7)
Hc =
(
1−
∫ y
0
dyǫ(y)ΣS
)
Φc(x), (5.8)
where we used the fact that (σ3+ iσ2)
2 = 0. Since hc2 and Φ
c are projected out by the orbifold twist
they will not participate in the low-energy physics. For this reason we drop them in the following.
Eq.(5.4) reads now
LD = −3
∫
d4θN (Vy) 13
[
h+2 e
VTh2 − e−VTΦ†σ3
(
1 +
∫ y
0
dyǫ(y)(ΣS + Σ
+
S )(σ3 + iσ2)
)
Φ
] 2
3
. (5.9)
Integrating out the multiplier VT (see eq.(2.17)), writing Φ as
ΦT (x) = (h˜1H0, h˜1), and H0 = (1− S0)/(1 + S0) (5.10)
and defining the 4D chiral compensator as φ3 ≡ κ25 h˜1h2(1 +H0), we finally get
LD = −3κ−
4
3
5
∫
d4θN (Vy) 13φ+φ
[
S0 + S
+
0 − 2
∫ y
0
dyǫ(ΣS + Σ
+
S )
] 1
3
. (5.11)
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Note that the y-dependence enters this Lagrangian only through the vector scalars ΣI(x, y). There is
again a simple case that can be handled in an exact way, the single modulus case with N = κ5(M0)3
and ΣS = α0Σ
0. This corresponds to the special universal case of [20]. The corresponding 4D
Lagrangian is thus
L(4D) =
∮
dyLD =− 3κ−15
∫
d4θ
3φ+φ
4α0
{(
S0 + S
+
0
) 4
3
− (S0 + S+0 − 2πα0(T + T+)) 43} ,
(5.12)
where again
T =
1
2π
∮
dyΣ0. (5.13)
We finaly obtain the effective Ka¨hler potential
K = −3 ln 3
4α0
[
(S0 + S0
+)
4
3 − (S0 + S0+ − 2πα0(T + T+)) 43
]
. (5.14)
It is noteworthy that this expression was previously only mentioned in [80]. In fact, as far as we can
say, all phenomenological and cosmological studies of 4D heterotic M-theory rely on the linearized
approximation which corresponds to S0 + S0
+ ≫ 2πα0(T + T+). In this limit K(S0, T ) reduces to
K ≃ −3 ln 2π(T + T+)− ln(S0 + S0+), (5.15)
which is also the universal part of the low-energy effective Ka¨hler potential of weakly coupled
E8 ×E8 string theory. This is not unexpected, as the condition Re(S0)≫ 2πα0Re(T ) corresponds
to the weak coupling limit of heterotic M-theory, where the size of the S1/Z2 orbifold is much
smaller than the volume of the internal Calabi-Yau space.
Yet, from a phenomenological point of view, the most interesting case is the one with large
warping. This corresponds to having an hierarchy in the sizes of the CY three-fold measured at the
two boundaries of the orbifold. To gain a better understanding of this issue it is usefull to consider
the chiral superfield S introduced in eq.(5.6), whose scalar component’s real part V measures the
size of the CY 3-fold. It is not difficult to show, using (5.7), that
S(x, y) = S0(x)− 2α0
∫ y
0
dyǫ(y) Σ0(x, y). (5.16)
Let us thus introduce the notation Sπ(x) ≡ S(x, y = πR) = S0 − 2πα0T , and rewrite the Ka¨hler
potential (5.14) as19
K = −3 ln 3
4α0
[
(S0 + S0
+)
4
3 − (Sπ + Sπ+) 43
]
. (5.17)
It is clear now that a hierarchy between the sizes of the CY at the two branes implies Re(S0) ≫
Re(Sπ), and in this limit the Ka¨hler potential reads
K ≃ −4 ln(S0 + S+0 ) + 3
(
Sπ + Sπ
+
S0 + S
+
0
) 4
3
≃ −4 ln(S0 + S+0 ) (5.18)
19It happens often that instead of the moduli S0 and Spi, one uses the moduli T and S˜, where T measures
the size of the orbifold direction, while S˜ stands for the average size of the CY 3-fold. In this case we have
K = −3 ln
[
(S˜ + S˜+ + piα0(T + T
+))
4
3 − (S˜ + S˜+ − piα0(T + T+)) 43
]
.
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It is remarkable how different the two limits (5.15) and (5.18) look like. And nevertheless, the
”exact” Ka¨hler potential displays some relevant properties that are independent of the strength of
the warping, namely we have (with (i = 0, π))
Ki(Si + Si+) = −4, (5.19)
Kij¯Kj¯ = −(Si + Si+), (5.20)
and therefore
Kij¯KiKj¯ = 4. (5.21)
We will see below that these properties extend also to the case with five-branes in the bulk. Eq.(5.21)
implies, for example, that in the presence of a constant superpotential20 W0, the potential reads
VF ∼ |W0|
2(
(s0)
4
3 − (sπ) 43
)3 ≃ |W0|2(s0)4
(
1 + 3
(
sπ
s0
) 4
3
)
, (5.22)
where si(t) ≡ Re(Si). We see that a constant superpotential leads to a growth of the orbifold
size and to the collapse of the size of the CY 3-fold at the hidden brane (at y = πR). It would
be interesting to check if the addition of non-perturbative superpotentials, e.g. due to gaugino
condensation at the orbifold branes, can lead to the stabilization of these moduli at dS vacua for
s0 ≫ sπ. We will pursue this issue in a separate paper [65].
Closing this section, we would like to comment on possible ”dualities” existing in the absence
of superpotentials. It is known that in the weak coupling limit defined by (5.15), the 4D action is
invariant under certain SL(2,R) duality transformations: T → (aT − ib)/(icT + d) and similar for
S, where the real parameters a, b, c, d satisfy the identity ad− bc = 1. These transformations leave
the Ka¨hler potential invariant up to a gauge Ka¨hler transformation. It is clear that in the strongly
coupled theory, with the Ka¨hler potential given by eq.(5.14) (or eq.(5.17)), these dualities do not
persist. Moreover, we don’t envisage a modification of the transformations leading to (generalized)
dualities acting also in the strong coupling case. On the other hand, in the limit of very small CY
size at the hidden brane, eq.(5.18) displays again an SL(2,R) duality for S0. We think it would be
interesting to study this issue in more detail.
5.2 Time-dependent solutions
As a non-trivial test of the validity of the Ka¨hler potential (5.14) we will present a family of 4D time-
dependent (cosmological) solutions, which when uplifted to 5D will correspond to the recently [28]
constructed exact time-dependent solutions of 5D heterotic M-theory.
There is a simple way of obtaining time-dependent 4D solutions from the supergravity La-
grangian (5.12). We will do this by sticking to the conformal frame φ = 1 + θ2Fφ, as there is a set
of time-dependent solutions, for which in this frame the geometry is Minkowski. It is important to
note that the contribution due to the non-trivial conformal factor e−
K
3 to the Einstein equations of
motion is quadratic in derivatives of e−
K
3 [81]
δEµν = −eK3 (∇µ∂νe−K3 − gµν✷e−K3 ), (5.23)
20A constant superpotential could be obtained e.g. as the remnant of a non-perturbative superpotential for frozen
moduli.
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while the modifications to the equations of motion of the moduli Si are proportional to the Ricci
scalar R(4). We see that configurations obtained by requiring that both the total moduli kinetic
energy and the second time derivative of the conformal factor e−
K
3 vanish, are solutions of the
equations of motion in Minkowski space.
The first requirement translates to
|∂tS0|2
(S0 + S
+
0 )
2
3
=
|∂tSπ|2
(Sπ + S+π )
2
3
, (5.24)
which is solved by si(t) = (ai + b(t))
3
2 . The second requirement then implies that b(t) = b · t, and
we obtain
si(t) = (ai + b t)
3
2 . (5.25)
To understand from the 5D viewpoint what these solutions mean it is usefull to recall eq.(5.16).
This expression implies the following uplifting (oxidation) of the 4D time-dependent solutions to
5D
ds25 = −e2σdt2 + (e5y)2dy2, (5.26)
with
e5y ∼ S
1
3 ∼ e2σ ∼ (ay + bt) 12 , (5.27)
where a = a0/πR and we set aπ = 0 by shifting t. As advertised, this is exactly the 5D time-
dependent heterotic brane solution of ref. [28]. As pointed out by these authors, there is a curvature
singularity at ay + bt = 0, which for a > 0, b < 0, ”invades” the S1/Z2 orbifold for t > 0,
corresponding to the collapse of the internal CY 3-fold. In the 4D effective theory this patology
shows up in the form of a singular behaviour of the Ka¨hler metric as s0(t) = (bt)
3
2 approaches zero,
even though the solutions are fully regular at t = 0. Eventually, non-perturbative corrections to the
low-energy heterotic M-theory will lead to the stabilization of the moduli away from these singular
points in the Ka¨hler manifold [65].
5.3 Including bulk five-branes
In addition to the boundary branes lying at the fix-points of the S1/Z2 orbifold, heterotic M-
theory generally contains mobile five-branes which wrap holomorphic 2-cycles in the CY 3-fold and
therefore appear as three-branes in the low-energy 5D bulk. As we will see now, it is straightforward,
at least in the universal case (h(1,1) = 1), to obtain also the dependence of the effective Ka¨hler
potential on the moduli describing the fluctuations of the five-branes in the S1/Z2 direction. Here,
we will consider first a single mobile brane, but it is straightforward to extend the result for a set-up
with multiple five-branes, as we will see below.
Let us denote by z the position of 5-brane along the y-direction. It is a crucial point of our
analysis that a relevant part of the 5-brane interactions arise by a suitable modification of the odd
couplings in eq.(5.11). To be precise, the effect of the inclusion of a 5-brane leads to the following
replacement
α0ǫ(y)→ α(y) =


−α1 ,−πR < y < −z
−α0 ,−z < y < 0
α0 , 0 < y < z
α1 , z < y < πR
(5.28)
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Taking this into account in eq.(5.11), and integrating the modified expression over y, we obtain the
following Ka¨hler potential
K =− 3 ln 3
4
[
1
α0
(
S0 + S
+
0
) 4
3 −
(
1
α0
− 1
α1
)(
S0 + S
+
0 − 2α0(Z + Z+)
) 4
3
− 1
α1
(
S0 + S
+
0 − 2(α0 − α1)(Z + Z+)− 2πα1(T + T+)
) 4
3
]
,
(5.29)
where we introduced the superfield Z ≡ ∫ z
0
Σ0, related to the position of the 5-brane. In the
presence of additional 5-branes, additional terms appear in K, which are proportional to powers
of the CY volume measured at the different 5-branes. This Ka¨hler potential should reduce to
well-known expressions [82] in the limit of small warping, α0, α1 → 0, and it indeed does so:
K ≃ −3 ln 2π(T + T+)− ln
[
S0 + S
+
0 + (α0 − α1)
(Z + Z+)2
π(T + T+)
]
. (5.30)
As we already pointed out, also in the presence of 5-branes the derivatives of K fulfill a few
relations which are coupling independent. With S5 ≡ S0−2α0Z and Sπ ≡ S0−2(α0−α1)Z−2πα1T ,
the Ka¨hler potential is a function of S0, S5, Sπ (and conjugates), and we have again the relations
(5.19), (5.20) and (5.21), where now the index i runs over both the bulk and boundary branes
(i = 0, 5, π). Clearly, these expressions extend also to multiple 5-branes in the bulk. Note that in
the presence of a constant superpotential W0 this leads to a growing orbifold size and a 5-brane
sliding towards one of the boundaries (depending on the relative charges), until the size of the CY
3-fold at the hidden brane collapses.
But, also for W0 = 0, we expect instabilities described by time-dependent solutions generalizing
the ones presented in the previous section. Consider an arbitrary number of 5-branes in the S1/Z2
bulk. The Ka¨hler potential reads
K = −3 ln
(∑
i
βi
(
Si + Si+
) 4
3
)
, (5.31)
where the constants βi - one for each brane, including the boundary ones - satisfy the topological
constraint
∑
i βi = 0. A simple set of solutions of the 4D equations of motion in the conformal
frame is again
si(t) = (ai + bi t)
3
2 , (5.32)
where the bi must satisfy two constraints:
∑
βi bi = 0 and
∑
βi b
2
i = 0. Clearly, bi = b is a solution.
These oxidize to 5D solutions
ds25 = −e2σdt2 + (e5y)2dy2, (5.33)
with
e5y ∼ S
1
3 ∼ e2σ ∼ (a0 + bt− γ(y)) 12 , (5.34)
where
γ(y) =
2
3
κ−15
∫ y
0
α(y), (5.35)
30
see eq.(5.28). With this choice of coordinates, the positions zi of the bulk 5-branes are time-
independent, being related to the integration constants ai and the brane charges αi as
zi − zi−1 = 3κ5
2
ai−1 − ai
αi−1
. (5.36)
However, the physical distance between the i-th and the (i− 1)-th branes, given by the real part of
Zi(t)− Zi−1(t) = − 1
2αi−1
(Si(t)− Si−1(t)), (5.37)
is time-dependent.
Clearly, the same kind of instability found in the heterotic M-theory setup without bulk branes
by the authors of [28] is also present in the multi-brane system. For b > 0, the curvature singularity
appears first at the brane with lowest value of γ(y) and then pervades the S1/Z2 orbifold.
5.4 Boundary couplings
Finally, let us complete our analysis by presenting also the superspace description of the brane
couplings of [20] for the simplest case with a single T -modulus (i.e. Hodge number h(1,1) = 1).
These are given by
L0 = 1
4
∫
d2θS0WW + h.c. + 3
∫
d4θ φ+φ (S0 + S
+
0 )
1
3 |C|2 +
∫
d2θ φ3λijkC
iCjCk + h.c., (5.38)
for the visible brane at y = 0, and
Lπ = 1
4
∫
d2θSπW˜W˜ + h.c., (5.39)
for the hidden brane at y = πR. Here W and W˜ are the chiral superfield strengthes for the visible
and hidden sector gauge theories, respectively, while the C i are charged matter chiral superfields
at the visible brane. Recall that Sπ, and therefore the holomorphic gauge coupling at the hidden
brane, is given as
Sπ = S0 − 2(α0 − α1)Z − 2πα1T, (5.40)
in case we have a single 5-brane, in agreement with [82]. The corrections proportional to the moduli
Z and T , which from the 5D supergravity point of view are due to the warping of the geometry,
are interpreted on the heterotic string side as one-loop threshold corrections (see e.g. [83]).
Let us see now how the inclusion of these brane couplings modifies the 4D low-energy action.
It is rather suggestive to combine LD of eq.(5.11) with the above kinetic term for the matter chiral
superfields C i:
L′D = −3κ−15
∫
d4θ
(
Σ0 + Σ0+ − ∂yV 0 − κ5δ(y)|C|2
)
φ+φ
[
S(x, y) + S+(x, y) + 2α0ǫ(y)V
0
] 1
3 ,
(5.41)
where we re-introduced the odd vector superfield V 0, omitted in (5.11). The ”dilaton” superfield
S is defined in (5.16). We now introduce a new real superfield V˜ 0 as
V˜ 0 = V 0 + κ5|C|2 ǫ(y)πR− |y|
2πR
, (5.42)
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and rewrite L′D as
L′D = −3κ−15
∫
d4θ
(
Σ0 + Σ0+ − κ5
2πR
|C|2
)
φ+φ
[
S(x, y) + S+(x, y)− α0κ5
πR
(πR− |y|)|C|2
] 1
3
.
(5.43)
Note that now we dropped the odd real superfield V˜ 0. The reason for this is simple: V˜ 0 vanishes
at the boundaries and hence does not contribute to the low-energy action (cf. discussion before
eq.(4.10)). In fact, it is the vector superfield V 0 that acquires a VEV, which due to the brane-
localised coupling [64] is non-vanishing at the boundary, and it is this VEV that now appears in
L′D. It is noteworthy that the effect of the brane-localised term has become a bulk effect.
To obtain the effective Ka¨hler potential we can proceed now as we did before, since L′D is a total
derivative. Recalling that S = S0 − α0
∫ y
0
dyǫ(y) Σ0(x, y) and integrating over the S1/Z2 direction,
we finally obtain
K = −3 ln 3
4α0
[(
S0 + S0
+ − α0κ5|C|2
) 4
3 − (S0 + S0+ − 2πα0(T + T+)) 43
]
. (5.44)
Again, it is interesting to compare this expression to known ones in the limit of small warping
(small α0). One gets
K ≃ − ln(S0+S+0 )− 3 ln(T +T+)+
(
3
2π(T + T+)
+
α0
2(S0 + S
+
0 )
)
κ5|C|2+ α0π(T + T
+)
S0 + S
+
0
. (5.45)
Notice that we omited other terms which despite being of order O(α0) are of higher order in |C|2.
Apart from the last term on the r.h.s., which is new, this expression agrees with the one obtained
in [29]. This result can be easily extended to include multiple five-branes in the bulk. For example,
for a single five-brane we have
K =− 3 ln 3
4
[
α−10
(
S0 + S0
+ − α0κ5|C|2
) 4
3 − α−10
(
S5 + S5
+ − α0κ5πR− z
πR
|C|2
) 4
3
+α−11
(
S5 + S5
+ − α1κ5πR− z
πR
|C|2
) 4
3
− α−11 (Sπ + Sπ+)
4
3
]
.
(5.46)
Finally, the superpotential entails two terms,
W = λijkC
iCjCk +Wnp, (5.47)
where the non-perturbative piece arises from gaugino condensation at the hidden brane (see [84]),
which reads
Wgc = gπ
Sπ
S0
exp (−aπSπ) , (5.48)
where gπ and aπ are superfield independent constants, and from open membrane instantons stretch-
ing between the branes [85,86]. It is expected that a combination of these effects will lead to moduli
stabilization in a phenomenologically interesting ground state (see e.g. [87]). We will study this
issue in a separate publication [65].
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6 Conclusions
A first important step in this paper was the integration of the real radion supermultiplet Wy
which brought us much closer to the usual superfield description of global 5D SUSY with a radion
chiral multiplet. It was an easy walk to reproduce the effective 5D superaction of [39] and to go
beyond that. It is also no problem to enlarge the compensator sector and to obtain an universal
hypermultiplet. This then also allows to discuss 5D heterotic M-theory in superfields and to obtain
several nice new results.
Within this formalism, the transition from 5D to 4D can be achieved in a very elegant and
transparent way because of the underlying superconformal structure. The treatment of warping,
improving the previous studies of [11], was a central issue here. We provided a carefull analysis
that goes beyond the linear (small warping) approximation, obtaining several exact results. These
include the effective Ka¨hler potential of heterotic M-theory for h(1,1) = 1 with an arbitrary number
of bulk five-branes, and the determination of time-dependent (moving branes) solutions generalizing
the ones of ref. [28]. It is surely a challenge to extend these successes to even more complex scalar
manifolds.
Alltogether, our new approach should allow to deal with multi-moduli models in a very elegant
way, both in the question of stabilization [65] and - perhaps even more interesting - in the dis-
cussion of the dynamical behaviour of branes and of other moduli fields important for inflationary
cosmology.
Note added: As we were concluding the redaction of this paper, we received ref. [88] where the
time-dependent solutions of 4D heterotic M-theory presented in section 5.2, which oxidize to the
5D solutions of [28], were independently found albeit using a different approach. Their study does
not include the new time-dependent solutions of heterotic M-theory with bulk 5-branes, that we
obtained in section 5.3.
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A Generic instability of tree-level vacua
Without resorting to constant brane superpotentials it is not possible, at tree-level, to find stable
vacua, i.e. minima of the vector moduli potential. We give here a detailed proof of this fact. To
be more precise, we will show that the potential
VF = −M4P g¯IN˜ IJ g¯J −
M4P
2N˜ (g¯I(Σ
I + ΣI+))2, (A.1)
has no minima at finite values of the moduli ΣI . We first note that
∂VF
∂ΣI
(ΣI + ΣI+) = −VF , (A.2)
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where we used that
∂N˜ IJ
∂ΣL
= −N˜ IMN˜KLMN˜KJ , (A.3)
as well as N˜I = 12N˜IJ(Σ+Σ+)J and N˜ = 13N˜I(Σ+Σ+)I . So, clearly if ΣI0 is a minimum of VF , the
potential must vanish at that point. Using this fact, in a second step we find that there is a vector
vJ ≡ g¯IN˜ IJ(Σ0 + Σ+0 ), such that
vJ
∂2VF
∂ΣJ0∂Σ¯
I¯
0
vI = − M
4
P
27N˜ 3 (g¯I(Σ0 + Σ
+
0 )
I)4 ≤ 0. (A.4)
This completes the proof that at tree-level, for g¯I 6= 0, there are no minima at finite (non-zero)
values of the moduli.
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